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Abstract 

We consider the constraints that can be imposed on a wide class of Inflation models in modified 
gravity scenarios in which the Friedmann equation is modified by the inclusion of p 2 terms, where 
p is the total energy density. In particular we obtain the reheating temperature and gravitino 
abundance associated with the end of inflation. Whereas models of chaotic inflation and natural 
inflation can easily avoid the conventional gravitino overproduction problem, we show that super- 
symmetric hybrid inflation models (driven by both F and D-terms) do not work in the p 2 dominated 
era. We also study inflation driven by exponetial potentials in this modified background, and show 
that the gravitino production is suppressed enough to avoid there being a problem, although other 
conditions severely constrain these models. 
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I. INTRODUCTION 



Inflation has proved to be a successful paradigm within which to explain a number of 
observational features of our Universe. However, any successful model must satisfy a number 
of physically motivated constraints. One of these is known as the "gravitino problem" 
in which the gravitinos produced at the end of a period of inflation decay after Big Bang 
Nucleosynthesis (BBN). Unless the gravitino is the lightest supersymmetric particle (LSP) 
or very heavy, then its energetic daughters would cause the destruction of the light nuclei, 
thereby destroying the successful prediction of BBN. In order to avoid this problem, an 
upper bound must be imposed on the reheating temperature after inflation, a bound which 
depends on the mass of the gravitino and the efficiency of the hadronic processes 



Recently, a novel so 
gravity models in Ref. 



ution to the gravitino problem was proposed in the context of modified 



. It takes advantage of some important cosmological features arising 
in a class of brane world models, where our four dimensional universe is realized on the "3- 
brane" located at the boundary of the bulk spacetime (for a review see j^). One particularly 
simple model was proposed by Randall and Sundrum The action of the model is given 

as 

M 3 f f 

S = ^T d 5 Xy/=fj(R - 2A bulk ) + / d 4 X^(-\ + Cmatter), (1) 

where M 5 is the five dimensional Planck mass, Abuik is the bulk negative cosmological con- 
stant, A is the tension of "3-brane" and Cmatter denotes the lagrangian for the matter on the 
brane. In this paper, we will be considering bounds on the gravitino, hence ideally we would 
want to consider the supersymmetric generalization of the Randall Sundrum (RS) model jf|. 
However, we do not have to go that far, because the modified Friedmann equation arising 
in these models is the same for both CclSCS, cLS it arises from the bosonic part of the action. 
The FHed.uauu Ration for a spatial* flat four di—af 8 pacet im e U found to be fl 3 

1 J, , P 

w 

where H is the Hubble parameter, Mp ~ 2.4 x 10 18 GeV is the reduced Plank mass, which 
is related to M 5 and A through 

M 2 P = (3) 
and p is the total energy density of matter on the brane. 
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Turning our attention to gravitino production at the end of a period of inflation, we can 
write down the Boltzmann equation for this process as 

dn 3 



t>3/2 



dt 



+ 3Hn 3/2 = (a to tv)n rad} (4) 



where n 3 / 2 and n ra d are the number density of gravitino and relativistic particles respectively, 
and ((Jtotv) is the thermal averaged product of the interaction cross section and relative 
velocity of the interacting particles. Introducing Y 3 / 2 = n 3 / 2 /s where s is the entropy 
density, the Boltzmann equation can be rewritten in terms of the temperature T as 



dY 3 /2 s(cr tot v) , 



dT HT 



Kl d - (5) 



The final abundance of the gravitinos can be estimated by integrating Eq. (jHJ) from the 
reheating temperature Tr to a lower final temperature Tj ow . In particular, since s ~ T 3 
and H oc T 2 in standard cosmology, it follows that Y 3 / 2 oc T R . Hence we obtain an upper 
bound on the reheating temperature, by constraining the abundance of gravitinos. To put 
it concretely, the reheating temperature after inflation is constrained to be 

T R < 10 6 - 10 8 GeV, (6) 

depending on the gravitino mass and the efficiency of the relevant hadronic effect [2] . Things 
change though when we consider the modified equation (J2J) arising in brane world scenarios. 
In that case a second important temperature, T t can be defined which allows us to separate 
the issue of the gravitino abundance from the reheating temperature at the end of inflation 
in the p 2 regime. T t is the transition temperature which marks the epoch when the p 2 term 
becomes sub-dominant in the modified Friedmann equation (0) and is therefore given by 



TT 



2 



12M, 6 



— 3*T, 4 = 2 A = (7) 

30 y 1 M 2 K 1 

where g* is the total number of degrees of freedom of the relativistic particles. In Ref. [3] 

it was shown that by replacing Tr in the standard cosmology with 2T t , then if T t is low 
enough, for example 

T t < 10 6 GeV (8) 

or equivalent ly 

M 5 < 10 10 GeV, (9) 
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it is then possible to separate the gravitino abundance from the reheating temperature after 
inflation. In particular if the constraint Eq. (jHJ) is satisfied then even with high reheating 
temperatures, there is no gravitino problem. 

In this paper, we investigate whether inflation models can benefit through the brane 
world type cosmological solution to the gravitino problem. Although there has been consid- 
erable work investigating Inflation models where the inflaton is confined to the brane and 
inflation is driven d Urillg the ? donating 8tff WM, here we re-exa^e these 
inflationary braneworld models in light of Ref . |3j . As particular examples, we study models 
with quadratic, exponential and cosine potentials as well as more general hybrid potentials. 
Although, as is well known, it is a non-trivial task to construct viable quadratic potential 
models in the framework of supergravity 13], we study that example here as representing 
a typical example of polynomial inflaton potential We will have to investigate the ex- 
ponential potential separately because of the unique way of reheating associated with these 
models. 

Inflation in the context of supergravity and in a class of M-theory inspired models is well 
mown to be problematic, both in the context of D and F term potential driven inflation 
15^ . Basically, the presence of non-renormalizable terms in the potential lead to the famous 
77-problem, meaning that insufficient e-foldings of inflation occur. In this paper we will once 
again have to confront this problem in the context of inflation occurring in the p 2 dominated 
regime. The paper is organized as follows. After summarizing the basic equations in the 
next section, we study a number of inflation models except the exponential potential in Sec. 
III. We leave the exponential case to Sec. IV, and conclude in Section V. 



II. DENSITY PERTURBATIONS IN BRANE WORLD INFLATION 

In a brane world where inflation is driven by the potential of the inflaton on the brane, 
the Lagrangian for the canonically normalized inflaton field, <p is given by 

C inf laton(<P) = -\{0<Pf - V(<j)), (10) 

where, for simplicity we have omitted possible interaction terms between the inflaton and 
other matter fields. The inflaton equation of motion is 

4> + 3H<p + V'(4>) = 0, (11) 
4 



where a prime denotes a derivative with respect to the inflaton field. Now during inflation, 
4> obeys the slow roll equation 3H<f) + V'(<f)) = 0. We can define the slow roll parameters e 
and rj as 



H 

V" 



M 2 P V' 2 



1 + J 



2V 2 



MlV" 1 



V 



1 + ^' 

1 T 2A 



3# 2 V 

and the amplitude of the scalar density perturbation is given as 



(12) 
(13) 



V, 



1/2 

c 



H 2 



y3/2 



2tt\ 



V12tt 2 M^V' 



1 + 



-) 



3/2 



(14) 



This value has been normalized by COBE to be 
scalar density perturbation is often written as 



1/2 



4.7 x 10" 5 . The amplitude of the 



A 2 



25 



V 3 



1^ 2 M%V' 2 



1 + 



V_ 

2X 



(15) 



where we are working under the assumption that there is no other five dimensional impact 

^ Q 

on the inflaton other than through the modification of Eq. (jzj) 9]. In what follows, we adopt 
ihese formula, not least because the true five dimensional treatment is still being developed 
16^ . The scalar spectral index is expressed in terms of the slow roll parameters as 



1 



d\nA 2 s 



-6e + 277, 



(16) 



dink 

Although we do not yet have a true five dimensional framework to discuss the scalar 
perturbations, things are different for the tensor modes. In that case the amplitude of the 
tensor perturbations has been obtained and is given by 

2 



fH 2 



M 2 1 2vr 



— F (x) 



or 



with 



where 



25M|, 



W2\ 2 

2vr J K J 



F 2 {x) 



Vl + x 2 — x 2 sinh 1 

, m 2 Ml 



-i 



x 



A 



(17) 

(18) 
(19) 
(20) 



For completeness we define the scalar-tensor ratio as 



H-10j=4 (21) 



following 



0. 



III. THE MODIFIED GRAVITINO BOUND APPLIED TO SPECIFIC MODELS 

In this section, we study several inflation models in brane world scenarios, and constrain 
the allowed regions of parameter space by imposing known Cosmic Microwave Background 
radiation (CMB) anisotropy constraints and estimating the reheating temperature associated 
with the end of inflation in the p 2 regime. 



A. Chaotic inflation 



The potential for chaotic inflation is given as 

1 



V{4>) = ^-m 2 4> 2 . (22) 



The value of the inflaton field at the end of inflation is 



, -2^\V\ (23) 
m 



with the field value being related to the number of e-folds N through 



m 2 d 4 m 2 , d 
N * 32MJT = 192Mf < M) 

The corresponding spectral index is given by 

n a -l = — — (25) 
and depends only on N. The amplitude of the scalar density perturbations is given by 

2 v 19W4 / ™ \ 3 /2 



H 2 (16 x 12) 5 / 4 / 



(Z) (26) 



2vr|0| 144x8tt \M, 



4.7xl0- 5 f^V /2 iV 5 / 4 . (27) 
VO.0038; v ; 
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where we have deliberately written Eq. (|27|) in terms of the COBE result for the amplitude 
of the anisotropies. The energy scale of inflation follows from Eqs. (}2"4*j) an d ()27j) . From 
Eq. (J27J) . imposing the COBE constraint we have 

— — ~ 0.0038 (28) 
M 5 v ; 

which can be combined with Eq. (|2*lj) in Eq. ()22)1 to give 

1 „ „ /0.4M 5 \ 4 , . 

^ = - (jfTji) • (29) 

The required number of e-folds is evaluated as 

10 16 GeV V 1 ^ 1 Vl /4 
Ncobe = 62 - In + h in / ( 30 ) 

where V is the potential when the COBE scales left the Hubble radius, Vt is the value at 

n 

the end of inflation, and p r h is the energy density in radiation as a result of reheating [19|. 
Substituting Eq. (|2U|) into Eq. (j3*Uj) . and dropping the negligible third and fourth terms, we 
obtain 

10 10 GeV 1 

Ncobe = 47 -In — In Ncobe (31) 

ik/5 LZ 

where we have normalized the expression in terms of M 5 ~ 10 10 GeV bearing in mind the 
gravitino abundance constraint derived earlier in Eq. The logarithmic dependence on 
Ncobe is negligible and can be ignored, allowing us to estimate the mass of the inflaton in 
Eq. (JUJ) as 



47 x 5/6 

1.5 x 10" 4 M 5 [ — ) (32) 

We now turn our attention to estimating the reheating temperature after inflation in the 
p 2 dominated period. In the case that the inflaton decays through Yukawa interactions with 
a coupling y to the matter fields, then the decay rate is approximately given by T ~ y 2 m . 
If y = 0(1), then the decay proceeds rapidly and reheating is almost instantaneous. The 
corresponding reheating temperature is estimated using Eq. (J2J with H = T and Eq. (|3*3*|) 
to be 

q (y\ x l 2 ( M 5 



T «~ 10GeV lij iraj- (34) 



We have already seen in Eqs. (J7EJ) that the transition temperature where the p 2 term 

becomes sub-dominant is given by T t ~ 10 6 GeV for M5 = 10 10 GeV. Since in this example 

Tr ^> T t , we are led to conclude that this brane world inspired mechanism to avoid the 

fl 

gravitino problem proposed in Ref [3] is workable for an inflation model with a quadratic 
potential and y > 10~ 4 . This result is in fact applicable to many models because the 
natural magnitude of the Yukawa coupling y typically lies between O(0. 1) < y < Oil). 
This conclusion is not affected when we include the final term in Eq. (j3*Uj) . The Yukawa 
coupling dependence on N is expressed through the p*{ 4 oc T R oc y 1//2 , which in Eq. (13TJ|) 
leads to a change AN in Nqobe given by AiV = (1/6) In y, clearly a small change. 

Of course, another possible decay route is if the inflaton decays primarily through grav- 
itationally suppressed interactions like a moduli field. In that case the decay rate is given 
by H 



m 



F ~ Mf ' <35) 
and the corresponding reheating temperature is 

T «~ 10,GeV («)- < 36 » 

This tells us that the reheating finishes during the p 2 dominant epoch even if the inflaton 
decays through M 5 suppressed interactions. However in this case, because Tr satisfies the 
constraint given by Eq. (JHJ), we do not have to rely on the new p 2 mechanism to avoid the 
gravitino problem. 



B. Natural inflation 



We now turn our attention to the case of natural inflation where inflation is driven by 
a pseudo Nambu-Goldstone boson I23J1. In what follows in this section there is significant 

n 

overlap with the results presented by Felipe |12|]. We repeat it here, because our emphasis 
is somewhat different in that we are concerned primarily with the issue of avoiding the 
production of too many gravitinos. 

The potential for natural inflation is given by 

(37) 



V{<j>) = A 2 



1 + cos 



./ 
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where / is a spontaneous symmetry breaking scale, and A 2 is the energy scale associated 
with inflation. Such a potential can be found in the context of supergravity models, for 
example as has been shown in [24J]. 

The solution of the equation of motion in terms of the number of e-folds of inflation, 

<f>{N) is 

= " 2 ln - cosWf) + cos{M) ' (38) 

where <p e is the value of the inflaton at the end of inflation, which is in turn determined by 
the slow roll parameter e—1, 

., _ 12Mf 1 - cos(0 e //) 



™ A2/2 (1 + cos(0e//)) 2 

The spectral index is expressed exactly as 



I. (39) 



n - 1 = _ 2 ^ 3 - 2008(0//) 

A 2 / 2 (1 + cos(0//)) 2 ' l4Uj 

Using the Wilkinson Microwave Anisotropy Probe (WMAP) constraints on the spectral 
index we know that n s — 1 < 1CT 2 , hence we have 

< 10 - (41) 
Using this constraint in Eq. (|39p. we solve the quadratic to obtain 



' 24Mr 6 

' (42) 

and this allows us to write down the simplified expression for Eq. (J38|) : 

12M 6 

_|.JV~oos(0//) + 21n2-l > (43) 

valid for | cos(</>//)| <C 1. 

The amplitude of the density perturbation is given by 

H 2 1 (Ms) 3 /A 2 / 2 \ 2 (l + cos(0//)) 3 
2tt|0| vr V / ; V12M 5 V sin(0//) 1 J 

Using the COBE normalization, we obtain 

f / 1(T 2 \ 2/3 

i = 4x10 \nMWP) ' (45) 
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or equivalently 



2AV 8.5xW^2xW^). (46) 



Ml J \fj \f/M { 



<5 



Thus, from Eq. f)37j) we see that the corresponding energy scale for natural inflation is below 



Ml 



The scalar-tensor ratio is given as 



(12M[\ sinfjAf) 

V/ 2 W (l + cos(0//))3 {l> 
/l2M 6 /f 2 A 2 \ 

~ 0.24 ( ±LL j f or cos (0//) ~ 0, (48) 

which is on the margins of acceptability. The mass of the inflaton field is estimated as 



m 



2 A 2 r in 8 - /12M|// 2 A 2 ^ 5/3 



- ^ 5 x 10-^M 2 ^ ^ j , (49) 



which is of the same scale as the mass of the field for the quadratic potential. Hence, 
we expect the reheating temperature would be similar. However, the details of the allowed 
interactions in natural inflation models are different from that of polynomial inflation models 
where an inflaton field simply has the mass term and Yukawa interactions. In natural 
inflation, the inflaton could decay through processes occurring at the one loop level 24j . For 
a decay rate V ~ 10 _5 m 3 // 2 in 24j, the reheating temperature is estimated as 

which is low enough to satisfy the bound in Eq. (jUJ), hence does not require the new mech- 
anism associated with T t to avoid the gravitino problem. However, if the reheating process 
is more effective or instantaneous, as assumed in Ref. Q, we would again be faced with a 
conventional gravitino problem for M 5 > 10 10 GeV in the supersymmetric extended models. 
This can be seen by noting that the mass of the inflaton field in Eq. ()49|) is comparable to 
that of the mass in the quadratic potential. Therefore the maximum reheating temperature 
we could expect for natural inflation is comparable to that for the quadratic inflation case 
which we gave in Eq. (JBIJ). Fortunately, this is in the regime where the gravitino problem 
can be alleviated using the mechanism proposed in Ref. [2| if M 5 < 10 10 GeV. 
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C. Hybrid inflation I : D-term inflation 

Hybrid inflation models are relatively easy to find in the context of supersymmetry 
I20I ]. and so it is natural for us to consider them in this context through supersymmetric 
hybrid inflation. In this subsection we will consider the case of D-term inflation [2j| and 
in the next subsection we will turn our attention to F-term inflation. One of the more 
appealing aspects of inflation models driven by D-terms is that they do not tend to suffer 
from the 77 problem in a four dimensional framework Q|, and as such this appears hopeful. 
The minimal model we consider here contains three matter fields, two U(l) charged fields </>± 
and one neutral field S, which becomes the inflaton. With a corresponding superpotential, 

W = KS<f>+(f>-, (51) 

where k is Yukawa coupling, the scalar potential is written as 

V = e K(S,, + ,,.) K 2 (|s|2|0 _ |2 + |5|2|0+|2 + |0 _ 0+|2 + ) + I ^ + |0+|2 _ W 2)2 ) (52) 

where 

is the (minimal) Kahler potential, g is the gauge coupling for the U(l) fields, £ is the Fayet- 
Illiopoulos (FI) term and the dots represent higher order terms which we do not include. Note 
that in this model, the cut-off scale should be M 5 , unlike in four-dimensional supergravity 
where the cut-off scale is Mp. This scalar potential, Eq. (|52j) has a local and SUSY breaking 
minimum with the non vanishing vacuum energy V = g 2 ^ 2 /2 at (j)± = for 

\S\ > \S C \ = (54) 

where the mass squared of 0_ at the origin is positive as we will show in Eq. ([55)1 . It is this 
vacuum energy which is available to realize inflation. Since the supersymmetry breaking by 
the non vanishing D-term generates the mass difference between the masses of <fr±, 

ml = e K K 2 \S\ 2 ±g 2 Z (55) 

and the masses of those fermionic partners, the potential during inflation including radiative 
corrections is expressed as 

1 



l + ! In — -i 



7T 2 V A 2 2M| 



(56) 
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where <fi = y/2\S\ is the canonically normalized inflaton and A is the renormalization scale 
(25! . Here, the third term comes from the e K pre-factor in Eq. (|55|). The slow roll equation 
of motion is 



3 ^+^(f + wH- (57) 

Now, it is useful to divide this into two parts depending on which of the two potential related 
terms in Eq. (foTj) is dominating, namely < \/2M 5 (the second stage) and a/2M 5 < (the 
first stage). Considering the second stage, the solution of Eq. (joT|) is 

where <fi 2 is either 2 = 6M|/(7r 2 £ 2 ) or 2 = 2g 2 £//t 2 . The former (pf corresponds to the 
condition r] — — 1 and the latter <p c to the symmetry breaking point. Since the situation for 
inflation only gets more difficult for the latter condition, we continue here to consider the 
former case, in other words, we consider the case where 2g 2 £/ k < 6M|/(7r 2 £ 2 ). Now, in this 
model, we consider £ < M|, because it seems impossible that the magnitude of the FI term 
is larger than the (fundamental) cut-off scale when the FI term is induced in supergravity 
Given the bound, and the fact that in this second stage, we are in the regime where 
< V2M5, it then follows from Eq. (|58jh that it is impossible to have more than 0(1) e- 
folds of inflation during the p 2 dominated epoch. Given that disappointing outcome, we turn 
our attention to the first stage. Again though we are disappointed, the slow roll parameter 
77 for the first stage is given by 



3 f M 5 



71 



1 



which is always greater than unity unless M 5 ~ £ 1 ' 2 , implying that again it is very difficult 
to obtain sufficient e-folds of inflation. Another way of seeing this is by considering the 
solution of the equation of motion during the first stage 

_J_ = 
V2M 5 

~ 4 x 10 6 for (N,£ 1/2 ) = (50, M 5 ). (61) 



3N ( Mg \ 

e^UW (60) 



Inserting this into the condition for false vacuum energy domination 1 in Eq. (|56j). 



8^2Mf X ' (62) 



If this condition is not satisfied, this model is equivalent to chaotic inflation model except for the phase 
transition after inflation. 



12 



we obtain a bound on the allowed value of g 

,2 3N ( M, 



« e (63) 
~ 2.5 x 10~ 7 for (iV,£ 1/2 ) = (50, M 5 ). (64) 

In particular we see that if we take N ~ 50, the required gauge coupling g is too small to be 
physically sensible. In addition, the necessary initial value of the inflaton is also too large 
as can be seen in Eq. (J61|) and it is even worse than the case of the quadratic potential, 
(frcoBE ~ 10 2 M 5 . For such a large field value region, the validity of the potential is doubtful, 
in other words, nothing guarantees the flatness of the inflaton potential to be preserved 
because of possible nonrenormalizable terms jl9 ]. Moreover, even if one accepts these facts, 
the amplitude of the density perturbations is estimated as 

H 2 vr __ g2e -^(^Y fZ 1/2 " 



2tt|0| 72^2 \M, 



= ™ x ID- 5 j , (65) 

demonstrating that there is no consistent parameter. In summary, we see that D-term 

inflation during a p 2 dominant era in a RS brane world type cosmology is simply not viable, 

a conclusion which differs from a recent study in Ref. 27|, where the discussion there was 

undertaken assuming a globally supersymmetric potential with the third term in Eq. ()56|) 

being absent. In principle, a possible way out of this problem is to consider the case when 

inflation occurs after the p 2 term has become negligible, a situation which correspond to 

models with a high mass M5, or in other words, a high brane tension. Unfortunately, even 

for this case, we still obtain the severe lower bound M 5 > O(0.1)Mp for g 2 = 0(1) from 

9 2 ,,2 ( 2 , \_ 
% 

which in turn is obtained from Eq. ()56)1 and Eq. ()13j) for 2A ^> V. Hence, for all practical 
purposes we find that M 5 ~ Mp is required. 



' = s?"' + * (66) 



D. Hybrid inflation II : F-term inflation 

We now turn our attention to the case hybrid inflation driven by F-terms |19l. I20|. 'The 
superpotential for these class of hybrid inflation models is given by 

W = kS^ - Sp 2 , (67) 
13 



where S is a gauge singlet superfield, \I/ and ^ are a conjugate pair of superfields transforming 



as a nontrivial representation of some gauge group 
supersymmetry limit is expressed as 



28| . The scalar potential in the global 



V = (k\^\ 2 - fi 2 ) 2 + 2k 2 \S\ 2 \^ 



(68) 



v(4>) = » 4 



1 + h ln T 2+Ci ii 2+C2 wi + -\ 



(69) 



where the D-flat condition \1>* = ^ is imposed. For \S\ > S c = f-i/y/K, the potential is 
minimized at \l/ = and has the false vacuum energy /z 4 . The potential including 1-loop 
radiative corrections [2^ and supergravity corrections is given by 

A 2 ,„ B 

where = v^lS*) is the canonically normalized inflaton, c% and C2 are constants which come 
from the Kahler potential and would normally be order of unity. The corresponding slow 
roll equation is written as 

V2 
16' 

which we can again divide into two parts depending upon which terms are dominating. The 
first stage is where the potential is dominated by the polynomial terms and the second stage 
corresponds to case where the logarithmic term dominates. The slow roll parameter rj for 
the potential (jSHj) is expressed as 



3H(f) + fi 4 



0. 



(70) 



3k 2 M? ( 6 \*\ fM 5 

'' = 1 2d^ + 2 1 + 2 ( W ' 



(71) 



and on the face of it, it looks as if the r\ problem will generally be present, because the 
constant terms C\ and C2 are 0(1) and < M 5 . 

To be more specific we begin the investigation by considering the inflationary dynamics 

during the second stage described above, which is relevant for values of <fi satisfying 

^2 



K 

Mf < 16V 



The solution of the equation of motion is given as 



<t>- 



Mf \ fi J M|' 



where <fi 2 is either 



3 4mi (Mi 
2 5 v ti 



(72) 



(73) 



(74) 
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which corresponds to 77 = — 1, or 

,2 V 



- K < 75 ' 
which corresponds to the symmetry breaking point. Combining Eqs. (J?2*j) and (|?3|) we can 
write 



m =42X10- % , (76) 



4 

48iV V^5/ V M 5 
for <p e = <pf. In other words c\ must be extremely small if we are to have sufficient numbers 
of e-folds during the second stage defined by Eq. (J72j) . This fine tuning is a specific example 
of the more general rj problem, we referred to earlier. The constraint becomes more severe 
for cf) e = <f) c , so from now on we will only consider the case of C\ = 0. Although this is 
a very specific selection of coefficients, it is in fact possible to construct such a model in 
supergravity through a combination of accidental cancellations, if the Kahler potential is 
minimal. However, in that case, we find that c<i must satisfy c 2 = 1/8 29^ . 

Returning to the second stage of inflation with c\ = 0, the new relevant region for the 
field is 

Ml ~ 4 V c 2 

instead of Eq. (|72j). We are not going to consider the case of 4> e = C (> 0/), because it is 
not possible in that case to simultaneously satisfy the inequalities (|77j) and C > 0/ while 
maintaining the condition fi < M 5 . For the case of <j) e = <pf, Eq. (|77)l is rewritten as 

On the other hand, the condition <pf > <p c is equivalent to 

A / \ 6 



4 < - ( — ) , (77) 



^ >i{w 5 )- (79) 

Both Eqs. (|75j) and (fT^j) are satisfied simultaneously for \i < M 5 only when 

N < ^ ( lJ1 - 0.15. (80) 



288V3 V c 2 

for C2 ~ 1/8. It follows that in order to obtain a realistic number of e-folds, say iV = 50, 
then C2 < 10~ 6 , another case of severe fine tuning. Thus, we can say that in general it is 
impossible to obtain enough expansion during the second stage even if c\ = 0. 
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Next, we consider the first stage of inflation driven by the polynomial terms in the 
potential Eq. There we have 

k 2 1 (f) 4 ( c 2 \ 

^<o7H 7^ «1- (81) 



32 8 M 4 \l/8 / 

where the upper bound comes from the condition for false vacuum domination and the lower 
bound comes from Eq. (|77jl. The solution of the slow roll equation for this first stage, 

^3 



is given by 



where 



3i/<#>+f, 4 4c 2 -^j = 0, (82) 



^ + M =6 (-u^y (83 ) 



r * 2 V c 2 
arises from the lower bound in Eq. ()81|) and 

for cf) e = <pf > (fi c . Again, (fi c > (fif is incompatible with Eq. (jST|) . Equation (JH3|) can be 
rewritten as 

M 2 4 / /M 5 \ 4 \ 4/ iV\ 

N )-A x -™)- (86) 

We now see that the total number of possible e-folds N in this first stage is constrained by 
N <2N*. Since N, is bounded by Eq. (JEH), with Eq. d?HJ) we obtain 

N < 0(0.1). (87) 

Thus, we conclude that it is impossible to realize F-term hybrid inflation during a p 2 dom- 
inated era in a RS brane world cosmology. This result is similar to that obtained in the 
case of inflation models in M-theory by Lyth In addition, unlike D-term inflation model, 
even if we take M5 = Mp, these models still have the famous rj problem, and this difficulty 
can not be removed. 
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IV. INFLATION MODELS WITH STEEP EXPONENTIAL POTENTIALS 



Inflation arising in p 2 cosmologies was investigated in detail for the case of a steep expo- 
nential potential in Ref. [30]. The potential can be written as 

V((f)) = V e- a(l,/M , (88) 

where Vq and a are constants and M is a large mass scale. The slow roll parameters in this 
model are 

e = r i = —n JL nrr > ( 89 ) 



v V M , 

and the end of inflation is given by e = 77 = 1. These models are interesting because of this 
ability to naturally terminate inflation, a property not available to exponential potentials in 
conventional Einstein gravity. In particular, the number of e-folds is written as 

■V 

M / 

The condition to solve the horizon problem is expressed as 



V = 12(N + 1)M*(^ \ . (90) 



H£e» l^L)> (91) 



^ \^end 

where i/j n / is the Hubble parameter during inflation, a en d is the scale factor at the end of 
inflation and the subscript denotes the present value. One particular characteristic of this 
type of steep inflation model is that radiation is generated not by the decay of the inflaton 
but through gravitational particle production. Since the energy density of the particles 
produced at the end of inflation is estimated as p Ta d — T^ nd ~ H^ nd J^j] , we obtain 

a Tend H en d 



From Eqs. flSDJ - jg2) and 0, we find 



(92) 



V >^1.6xW^), (93) 



A^ + l ~ H V h 

which implies 

N > 72. (94) 

This number of e-folds corresponds to the present horizon scale and is larger value than that 
initially estimated in the original paper |30j. It follows that the density perturbation and 
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the CO BE normalization are given as 



H 2 (N + l) 2 ( M 5 ^ 3 
a 



2vr|0| vr \ M 



4.7 x 10- ("±1) ( iaM > /M) ; ) , (95) 
1 73 J V 2.8 x 10- s ' ' 



which is consistent for ^ 8xio-« ~ ^he s P ec tral index of the density perturbation is 
revised upwards as 

4 

n s = l- — ~ 0.94 for N ~ 72, (96) 

N+l K ' 

and the scalar-tensor ratio is revised downward as, 

OJBf^V (97) 
N + l V 73 / 

These numbers are marginally consistent with the allowed region of parameter space arising 
from the first year WMAP data 



. However, when we compare with the joint likelihood 
data analysis using both WMAP and other observational results on the large scale structure 
such as Sloan Digital Sky Survey (SDSS), we find that it is still excluded at the 3a level 
jiol ]. A possible resolution of this problem involving the curvaton scenario 33 1 was recently 
proposed by Liddle and Urena-Lopez 3^ . For now we continue to investigate the production 
of gravitinos based on the original model. Since the curvaton field can be an additional source 
of late-time entropy production and dilute the gravitino abundance, if the original model 
does not have the gravitino problem, then steep inflation with a curvaton would also avoid 
it. 

Now, to consider gravitino production, we need to determine the evolution of the universe 
after the inflationary period. It is important to realize that the thermal history in this 
particular model is different from that assumed earlier in that the production of radiation 
comes about here from gravitational interactions and is less efficient than in the conventional 
cases considered earlier. This means that we can no longer use the constraints from Eqs. (JHJ) 
and (JSJ) in the case of the steep exponential potentials. They do not apply. The energy 
densities of the inflaton and gravitationally produced particles are given by 

2 



\ end = 2V end = 48M£(^) . <0S) 



/wU Hl d - MM? ( ^ ) . (99) 



8 
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respectively. However, gravitons (gravitational waves with a short wavelength) are also 
produced simultaneously, a fact that leads to another problem for the original steep inflation 
mod el [35} ] . Of course, if late time entropy production occurs, we can overcome this problem 
too [34]. After the steep inflation period terminated, the energy density of the inflaton 
is dominated by its kinetic energy. This is the kination epoch of the scalar field with an 
exponential potential, where the energy density of the scalar field decreases as oc a -6 , 
while that of radiation decreases as p ra d oc a~ A . The time of inflaton-radiation equality is 
therefore determined by 

/ a end V If aM 5 \ 6 



,CL<t>-rad J 3 \ M 

where a$- ra d is the scale factor at equality. The corresponding energy density of the radiation 
is estimated as 

4 

/ ^end \ 

Prad\A ) -rad = Prad\ en d 



v 0>(j)— rad , 

iW^f^.r* (101) 
9 \ M I 3(T eq 
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* (2.0 x 10-M 5 r ■ (102) 

This radiation must be the dominant contribution to the total energy density by the time of 
BBN, which corresponds to a temperature of order 1 MeV. Hence we obtain the constraint 

( for H^HF* ~ !)» 

M 5 > 5 x 10 9 GeV. (103) 



However, this is the most conservative constraint on M5. If we insist that we do not over- 
produce neutralinos as the LSP, then we obtain the tighter constraint 

M 5 > 2.5 x 10 14 GeV ( m * ) , (104) 
5 ~ VIOOGeV/ V ; 

where m x denotes the mass of the neutralino 2 . In this simple scenario, the relic number 
density of dark matter particles freezes out when the annihilation rate T ann becomes smaller 



2 We will shortly show, that the abundance of gravitinos in this model is very small, thus provided the LSP 
forms dark matter, then the neutralino is the most promising candidate. In addition, this constraint has 
not been considered in the previous section, because this condition gives the lower bound M 5 > 10 5 GeV 
for the neurtalino dark matter [3^ and is just consistent with Eq. J3J in the standard case where the 
reheating finishes by the inflaton decay. 
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than the cosmic expansion rate, 

Tann < H. (105) 

The bound Eq. ()104j) arises because the additional energy source coming from the inflaton, 
p^, increases H, leading to an earlier time of decoupling of the neutralino and consequently 
an enhancement of the relic density. 

Since the brane tension A (or the transition temperature T t ) is given by Eq. (J7J) . 

12Mf _ tt 2 4 

- 2x10 ^ 4 (t^v) 2 ' (106) 

we find by comparing Eq. ()106j) with Eq. ()102j) that T t ^> T eq , a point that we will make use 
of shortly. 

Finally, we estimate the abundance of the gravitinos produced at the end of the period 
of inflation and show that in the context of steep inflation it is not a problem. The relevant 
Boltzmann equation for the gravitino production is Eq. (JHJ). This needs to be combined with 
the modified Friedmann equation Eq. (j2J), recalling that the total energy density is given by 
P — P<j> + Prad- Making use of Eq. (J3J) we have 



H ^imf^f + ^m (Pi+p ^ (107) 



hence Eq. (J5J) becomes: 



dY 3/2 _ s(a tot v) o 



dT I Prad J> 



Yrad I (108) 
P<t> \ I 1 i 



p\ 

Prad j \ UM$ 

Here there are two effects arising from the Hubble parameter, which combine to give an 
additional suppression to the overall gravitino abundance, namely, the p 2 term and the 
remaining energy density of the inflaton. The latter is more effective than the former in 
this scenario because T t 3> T eq , so in what follows we drop the p ra d term in the expression 
J 1 + j^M$(P(f> + Prad) m Eq. (|108|) . The final gravitino abundance is obtained by integrating 
the Boltzmann equation from the reheating temperature Tr to a low temperature Ti ow . Since 
the pre-factor s(a tot v)Y 2 ad / a/ p ra d/3MpT is the same as in the standard case and almost 
constant, we concentrate on the integration of the final part in Eq. (J108J) . The integration 
can be split into various regimes in which different terms are important. For example 
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we can imagine the system cooling through the range Tr — > Tt — > T eq — > TJ ow . Using 
P<f>/ Prad = (T/T eq ) 2 , along with Eqs. (J7J) and 1)101)1 . the integration can be rewritten as 



dT f u dT 



dT ~ J I 2 ~ J I 2 (109) 

vfe) * vte) v^^^te) 

T e? (l + ln^ + (9(^)VlO^ (HO) 



hence it is characterized by T e? . Now since 

r„,~ 10-M 5 H MeV , (111) 

- 100GeV (w)- (112) 

then 10T eg , is much lower than the upper bound arising from the gravitino problem, 10 6 GeV. 
Consequently there is no gravitino problem with p 2 inflation driven by a steep exponential 
potential. 



V. CONCLUSIONS 



In this paper we have investigated inflation driven by the inflaton on the brane during 
the p 2 term dominated era in a class of brane world inspired models. In particular we have 
analyzed the dynamics of a wide class of inflationary potentials, estimated the associated 
reheating temperature and gravitino abundance in these models, always taking into account 
constraints arising from observations of the CMB anisotropies by COBE and WMAP. 

Single field models we study include chaotic inflation with a quadratic potential and 
natural inflation. Interestingly, for a significant range of parameters, these models can be 
made to avoid the usual gravitino problem in a manner first pointed out in Ref . Q . Moreover, 
we found that M5 < 10 10 GeV as given in Eq. (JHJ) is required even if the inflaton decays only 
through gravitational interactions. 

Inflation driven by an exponential potential in a brane world cosmology is interesting 
for a number of reasons. Inflation can occur for steep potentials, it terminates of its own 
accord unlike in the usual Friedmann scenario in four dimensions, and gravitational particle 
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production is available as a mechanism to reheat the Universe. Unfortunately, there are a 
number of tight constraints emerging on this particular original model 1(3] , and although in 
this paper we have shown how the gravitino bound can be alleviated, the model is still on 
the borderline of being ruled out, requiring an additional feature such as a curvaton type 
coupling to make it viable [3^ . 

The most telling result, clearly of significance to those interested in building models of 
inflation, concerns the viability of hybrid inflation models, which arise naturally in super- 
symmetric theories. Since the reheating temperature of hybrid inflation can be high in 
many cases, these are natural models for us to consider given our interest in overcoming the 
gravitino problem, and the fact that we are thinking of inflation occurring in high energy 
regimes. Unfortunately, the gravitino question is somewhat irrelevant here because we have 
seen that these supersymmetric hybrid inflation models do not work within p 2 inflation in RS 
type brane world models, a result similar to that obtained earlier in the context of M-theory 
by Lyth Q|. Even D-tem inflation is plagued with the 77 problem, making it very difficult 
to obtain sufficient expansion, or generate the correct density perturbation spectrum for a 
sensible range of masses and coupling constants. Similarly, we found it to be impossible 
for F-term inflation to generate sufficient expansion. The main reason for this problem is 
the reduction of the cut-off scale arising from the supergravity correction. The difference 
between our result and previous studies comes from this fact, since these effects have not 
been taken into account appropriately in the previous studies This fact may 

imply that it is in general difficult to construct a viable inflation model in the theory with 
a low gravitational scale. 
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